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Fig. 4 Position of luminous front in primary nozzle flow for cavity
pressure equal to nozzle exit static pressure with secondary flow of
1 g/sec each He and H, injected.

from the nozzle width w, and the difference was divided by two
as indicated in Fig. 3.

For tests in which there was no flow in the secondary nozzles,
the rate of growth of the reaction zone appeared to be linear.
When the exit pressures in the primary and tertiary nozzles were
equal [Fig. 2a] the constant of proportionality 4 was approxi-
mately 0.09 (Fig. 3, solid curve), which is remarkably close to the
nominal value for turbulent mixing.® When the ambient cavity
pressure was larger than the nozzle exit freestream pressure
(Fig. 2b], the growth of the reaction zone was steeper as shown
in Fig. 3 by the dashed line curve, which represents a linear
least squares fit to the data. The shock waves can be estimated
from Figs 2a and 2b as previously noted, and the difference in
flow deflection angle obtained. By subtracting the difference in
turning angle from the regression line of the data for Fig. 2b
and translating the line to account for the shock wave originating
further upstream, we obtained a curve that fell within the scatter
of the data from Fig. 2a (p = p.). Although the line does not
have the same slope as the linear regression line fitted to these
data, it is closer to that slope (0.11 corrected from 0.14 compared
to 0.09) than the value uncorrected for turning angle difference.
Apparently, the larger angle of growth of the reaction zone
associated with flows with high ambient pressure relative to
nozzle exit static pressure is closely related to the strength of
the shock wave associated with the flow.

When a secondary flow consisting of half He and half H, was
introduced and the exit pressures were matched, the growth of
luminous front appeared to be proportional to x/? (Fig. 4), i.e,
laminar according to Eq. (1). Computation of A from these
measurements yields either 4.7 or 2.2, depending on whether
D/u is evaluated on the basis of conditions at the nozzle exit
or those more characteristic of the cavity further downstream.
Conditions further downstream were taken from Ref. 7. These
are T =400 K, p = p, the downstream cavity pressure, and
u = 3 x 10° cm/sec.

Thus, both laminar and turbulent mixing characteristics have
been observed. The presence of laminar mixing appears to require
matched exit pressures and the absence of a significant base
region, i.e, when there was no flow in the secondary nozzles,
these nozzles correspond to a base region between the primary
and tertiary nozzles.

Whether emission from the visible overtones in these observa-
tions actually represents the leading edge of the mixing and
reacting gas layers is not clearly evident. To examine this
question a spectrographic measurement was made. The P, © line
of the P rotational branch of the 1 to 0 vibrational transition
of the HF molecule at 2.708 i was observed for flow conditions
similar to those of Test 3 of Fig. 3. From these observations a
spreading rate of the mixing and reacting flow can be obtained
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from which an equivalent to the luminous front position of the
photographic observations can be determined. When such data
were plotted on Fig. 3 they appeared to fall within the scatter of
the data obtained from the photographic observations for Test 3
conditions. Consequently, one would conclude that the photo-
graphic method can provide measurements that well represent
the location of the mixing and reacting front.

Since this study was completed, the work of Shackleford et al.®
has been reported. These mixing studies used two large-scale
nozzles. Mixing was between parallel flows of reactant gases,
and the diluent gas was N, rather than He. Also, nozzle geometry
differed significantly, e.g., Shackleford has no base region between
nozzles, making comparison between the two studies difficult.
Both Shackleford’s studies and this one isolated conditions of
laminar and turbulent mixing: the studies of Ref. 8 examined
the effect of the Reynolds number, while the present study
effectively varied mixing geometry. Nevertheless, for laminar
mixing both works showed reaction layer growth proportional
to x“/2, and for turbulent flows agreement for the value A4 is good
(0.09 compared with 0.08).
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Improved Approximation of Constitutive
Elasto-Plastic Stress-Strain Relationship
for Finite Element Analysis

T. R. Hsu* AND A. W. M. BERTELST
University of Manitoba, Winnipeg, Canada

ITH the increasing demand of nuclear power and aero-

space applications, the elasto-plastic stress analysis of

solid structures has become absolutely necessary. Finite element

analysis has shown to be one of the most promising and practical
methods for these applications as illustrated in Ref. 1.

Since the relationship of stress vs strain is nonlinear for

material undergoing plastic deformation, constant change of the
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Fig. 1 Variation of the stress power n.

material stiffness has to be taken into account in the computa-
tions. In order to overcome this difficulty, piecewise linearity
has been assumed in dealing with plasticity analysis, so that the
well established linear theory of elasticity can be used. This type
of treatment has been described in detail in several publications,
for example in Ref. 2.

Literature review indicated that almost all the published results
from the incremental finite element theories use predetermined
piecewise linear approximations of stress-strain curves. Such an
approach necessitates the use of the concept of the initial yield
functions and relies on the elastic behavior of the material up
to this initial yield surface. Since in practice such a yield surface
is in fact determined from measuring a fixed percentage of plastic
deformation (notedly 0.29; offset of strain for ductile materials),
complications arise when the state of some parts of the structure
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Fig. 2 Stress vs strain curves with different values of n.
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is very near the elasto-plastic transition. It is necessary to make
an accurate estimate and subsequent iterations of the next load
increment so that the state of stresses in these parts will not
deviate from its stress-strain relation. One of such techniques
is to use the “mean stiffness” in the analysis.> A better and
simpler solution to this problem is to make use of continuous
approximations of the measured stress-strain behavior such as
suggested by Richard and Blacklock.* By introducing such
continuous stress-strain relations, the critical elastic-plastic
transition of the element material becomes immaterial and thus
allows continuous computation of the element stress with
reasonable load increments.

The continuous family of constitutive relations proposed in
Ref. 4 are for the use in an approximate inelastic method of
finite element structural analysis (not based on the incremental
method). However, a significant shortcoming of their model is
that its application is limited to the nonhardening ideally plastic
materials, which is not practical as most engineering materials
at large plastic strain usually exhibit linear work hardening.
Further, for many practical applications, the strain rate and
temperature dependent “true stress” vs “true strain” curves
should be used in place of the usual “engineering stress” vs
“engineering strain” curves. Existing data indicate that “true
stress” vs “true strain” curves for most materials exhibit a shape
very similar to bilinear stress-strain curves. Modifications to the
existing model is thus necessary to accommodate this important
feature.

The proposed new constitutive stress-strain relation for the
general material behavior takes the form:
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| Ez Un
Ul

where ¢, = effective stress and strain, respectively; E, E' =
moduli of elasticity and plasticity, respectively; &, = stress level
at the intersection (kink) of the elasto-plastic curve as shown
in Fig. 1.

The stress power n in Eq. (1) may be estimated either by the
following expression :

n=1n2/In(oy/a,) @
or from the curve shown in Fig. 1.

The shape of the stress vs strain curves with different values
of n has been shown in Fig. 2. It is obvious that the lower the
values of n the more smooth the curves, such as for highly ductile
materials. For most materials, the transition from the elasticity
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Fig. 3 Distribution of hoop stress in a thick wall cylinder.
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Legend:
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Fig. 4 Variation of radial displacement of a thick wall cylinder.

to plasticity is rather abrupt; high values of # should be used.
It is easy to visualize the case E' = 0 implies the ideally plastic
material and Eq. (1) gives identical results as the model described
in Ref. 4.

A computer program was developed by the authors to handle
the elastic-plastic stress analysis for the axisymmetric structures
by the finite element variational technique. The elastic-plastic
stiffness matrix derived by Yamada et al.’ and the constitutive
relation of Eq. (1) served as the basis for such programing. The
analytical solution for a thick wall cylinder of linear work
hardening material subjected to internal pressure loading given in
Ref. 6 was used to check the results obtained by the finite element
analysis. The stress-strain relation of the material is assumed to be
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depicted by the curves shown in Fig. 2 with stress power n = 50.
The comparison of the two solutions is shown in Figs. 3 and 4.
It may be visualized that the agreement of the results is excellent
in plastic range whereas discrepancies in the tangential stress
distribution occur in the elastic part of the solution. These
discrepancies are mainly attributed to the assumption made in the
analytical solution that the cylinder material is incompressible.
The Poisson’s ratio was assumed to be 0.5 throughout the elastic-
plastic analysis. This value of Poisson’s ratio causes numerical
instability in calculating the elastic stiffness matrix in the finite
element computations. A lower value of 0.49 had to be used. This
number was close to that used in the analytical solution but was
still too close to 0.5. A somewhat inaccurate result was thus
obtained in the elastic portion of the finite element analysis.

The constitutive equation suggested in Eq. (1) has been proven
to be versatile and practical for handling general elastic-plastic
stress analysis of solid structures. The tcdious iterations for
estimating the proper load increments for the structural elements
near the elasto-plastic transition region can be avoided by using
this simple relation.
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Comment on “Neighboring Extremals
for Optimal Control Problems”

Lmncorn J. Woop*
California Institute of Technology, Pasadena, Calif.

N a recent paper, Hymas, Cavin, and Colunga’ discussed the

extension of earlier work on neighboring optimal control for
problems without path constraints to problems with a state
variable inequality constraint. The purposes of this Comment
are to point out a number of errors in their paper, to mention
that similar work in this area has been done by Speyer,? and
to discuss several consequences of the new first-order necessary
conditions of Jacobson, Lele, and Speyer® which the authors
have not considered.

A control constraint on a state constrained arc may be obtained
by differentiating the state constraint with respect to time until
the control appears explicitly. If g such differentiations are
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required, the state constraint is said to have order q. Two
techniques for handling state constrained problems by means of
variational calculus are discussed by Speyer.? One involves
adjoining the state constraint directly to the Hamiltonian with
an undetermined multiplier; the other involves adjoining the
control constraint to the Hamiltonian along the constrained arc,
and also adjoining a g-dimensional set of entry (or exit) con-
straints to the performance index. Hymas et al., follow a modified
form of the latter approach, using the control constraint to
eliminate the control (assumed scalar) immediately, rather than
adjoining the control constraint to the Hamiltonian. Hence, their
Hamiltonian is defined differently than in Ref. 2. Using Hymas’
approach

AM=—-H+H,Z,*Z,
with H, # 0, in general, on constrained arcs.

Speyer generalizes the backward sweep method of
McReynolds* for solving two-point boundary-value problems to
the state constrained case, and states jump conditions for the
backward sweep matrices (with a few minor mistakes). Similar
jump conditions for problems with interior point constraints
are stated in greater detail in Ref. 5. Hymas et al. also describe
a backward sweep, which includes a number of errors, as
described below. All equations cited by number are equations
in Ref. 1.



